Additivity of Jordan maps on standard Jordan operator algebras  by Ji, Peisheng & Liu, Zhongyan
Linear Algebra and its Applications 430 (2009) 335–343
Available online at www.sciencedirect.com
www.elsevier.com/locate/laa
Additivity of Jordan maps on standard Jordan
operator algebras
Peisheng Ji ∗, Zhongyan Liu
Department of Mathematics, QingDao University, QingDao 266071, PR China
Received 23 June 2008; accepted 31 July 2008
Available online 7 September 2008
Submitted by R.A. Brualdi
Abstract
Let A be a standard Jordan operator algebra on a Hilbert space of dimension >1 and B be an arbitrary
Jordan algebra. In this note, we prove that if a bijection φ : A −→ B satisﬁes
φ(a ◦ b) = φ(a) ◦ φ(b) for all a, b ∈ A,
where ◦ is the special Jordan product on A, then φ is additive.
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1. Introduction
Consider any associative algebra A. If a, b ∈ A, let a ◦ b = 12 (ab + ba). We call ◦ the special
Jordan product. Then A with ◦ is a Jordan algebra. Any Jordan subalgebra of A will be called a
special Jordan algebra. In the following, denote by ◦ the Jordan product on Jordan algebra. For a
general discussion of Jordan operator algebras we refer to [2].
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Throughout, for a Hilbert space H , we write B(H) and F(H) for the algebra of all linear
bounded operators on H and the algebra of all ﬁnite rank operators on H , respectively. For
a ∈ B(H), denote by a∗ the adjoint operator of a. If a = a∗, a is called a self-adjoint operator
on H . Denote by B(H)s and F(H)s the real linear space of all self-adjoint operators on H and
the real linear space of all self-adjoint ﬁnite rank operators on H , respectively. Clearly, B(H)s
and F(H)s are speacial Jordan subalgebra of B(H). A Jordan subalgebra of B(H)s is called a
standard Jordan operator algebra on H if it contains F(H)s .
Deﬁnition. Let A and B be Jordan algebras. Consider a bijection φ : A −→ B. If
φ(x ◦ y) = φ(x) ◦ φ(y) for x and y of A,
then we call φ a Jordan map.
It is an interesting problem to study the interrelation between themultiplicative and the additive
structure of a ring or algebra. It is Martindale who ﬁrst established a condition on a ring R such
that every multiplicative bijective map on R is additive [10, Theorem]. Recently, the question of
whether (general) Jordan maps on associative algebras or rings are additive is studied by many
mathematicians (cf. [3,4,7,8,9,11]). Saito gave a conjecture: Versions of those theorems hold
among JBW -algebras (cf. [3]). In [1], An and Hou proved that every Jordan map on B(H)s is
additive using an approach in termof spectral theory. In this paper,wewill investigate the additivity
of Jordan map from a standard Jordan operator algebra onto an arbitrary Jordan algebra. We will
give purely algebraic results which generalize the results in [1]. In [6], we showed that every
Jordan map on Spin factor is additive.
2. Additivity
Our result in this section is the following.
Theorem 2.1. LetH be a Hilbert space of dimension>1 and suppose thatA is a standard Jordan
operator algebra on H. Let B be an arbitrary Jordan algebra. Then every Jordan map from A
onto B is additive.
The main technique we will use is the following argument which will be termed a “standard
argument”. It should be mentioned that this method is modeled by Lu [8]. Suppose, x, y, s ∈ A
are such that φ(s) = φ(x) + φ(y). Multiplying this equality by φ(t), we get
φ(s) ◦ φ(t) = φ(x) ◦ φ(t) + φ(y) ◦ φ(t).
It follows that
φ(s ◦ t) = φ(x ◦ t) + φ(y ◦ t).
Moreover, if
φ(x ◦ t) + φ(y ◦ t) = φ(x ◦ t + y ◦ t),
then by injectivity of φ, we have that
s ◦ t = (x + y) ◦ t.
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The proof will be organized in a series of lemmas. We begin with the following trivial one.
Lemma 2.2. φ(0) = 0.
Proof. Since φ is surjective, there exists an x ∈ A such that φ(x) = 0. Therefore, φ(0) = φ(x ◦
0) = φ(x) ◦ φ(0) = 0 ◦ φ(0) = 0. 
In the following, for the sake of simplicity, we write S = F(H)s . Fix a projection e1 ∈
F(H)s with 0 /= e1 /= 1, where 1 is the identity operator on H , and let e2 = 1 − e1 (note that
A does not necessarily contain 1). Clearly, e1Se2 = e1F(H)e2, and for every a ∈ e1F(H)e2,
we have a + a∗ ∈ S. Let Aii = eiAei, Sii = eiSei, i = 1, 2, A12 = {a + a∗ : a ∈ e1Ae2}, and
S12 = {a + a∗ : a ∈ e1F(H)e2}. Thenwe canwriteA = A11 ⊕ A12 ⊕ A22 andS = S11 ⊕ S12 ⊕
S22, which are the Peirce decompositions ofA and S, respectively. It should bementioned that this
idea is from Martindale [10]. This kind of machinery already proved effective in papers [7,8,9].
Clearly, if aii ∈ Aii or Sii , then a∗ii = aii . Note that for every non-zero element a12 ∈ e1Ae2 or
e1Se2, a12 might not be in A or S, respectively, but a12 + a∗12 ∈ A12 or S12.
Lemma 2.3. (i) Let a12 ∈ e1Ae2. If t22a∗12 + a12t22 = 0 for all t22 ∈ S22, then a12 = 0.
(ii) [6, Lemma 2] Let a11 ∈ A11. If a11t12 = 0 for all t12 ∈ e1F(H)e2, then a11 = 0.
(iii) [6, Lemma 2] Let a12 ∈ e1Ae2. If a12t∗12 + t12a∗12 = 0 for all t12 ∈ e1F(H)e2, then
a12 = 0.
(iv) Let a22 ∈ A22. If t22a22 + a22t22 = 0 for all t22 ∈ S22, then a22 = 0.
(v) [6, Lemma 2] Let a22 ∈ A22. If t12a22 = 0 for all t12 ∈ e1F(H)e2, then a22 = 0.
(vi) Let a ∈ A. If at + ta = 0 for all t ∈ S, then a = 0.
Proof. (i) If t22a∗12 + a12t22 = 0 for all t22 ∈ S22, then a12t22 = 0 for all t22 ∈ S22. Note that there
is a net {pα} of ﬁnite rank projections of H such that SOT-limαpα = 1. Clearly, e2pαe2 ∈ S22 for
all α, and SOT-limαe2pαe2 = e2. Taking the limit in a12e2pαe2 = 0, we get that a12 = 0.
(iv) Let {pα} be a net of ﬁnite rank projections of H such that SOT-limαpα = 1. Taking the
limit in e2pαe2a + ae2pαe2 = 0, we get that 2a = 0. Hence a = 0.
(vi) Let {pα} be a net of ﬁnite rank projections of H such that SOT-limαpα = 1. Clearly,
pα ∈ S for all α. Taking the limit in pαa + apα = 0, we get that 2a = 0. Hence a = 0. 
Lemma 2.4. Let aii ∈ Aii, i = 1, 2, and a12 + a∗12 ∈ A12. Then φ(a11 + a12 + a∗12 + a22) =
φ(a11) + φ(a12 + a∗12) + φ(a22).
Proof. Since φ is surjective, we can ﬁnd an element s = s11 + s12 + s∗12 + s22 ∈ A such that
φ(s) = φ(a11) + φ(a12 + a∗12) + φ(a22). (2.1)







= φ(s ◦ e1) = φ(a11 ◦ e1) + φ((a12 + a∗12) ◦ e1) + φ(a22 ◦ e1)














338 P. Ji, Z. Liu / Linear Algebra and its Applications 430 (2009) 335–343



















(a12 + a∗12) ◦ t22
)













Therefore, s12t22 + t22s∗12 = a12t22 + t22a∗12 for every t22 ∈ A22. By Lemma 2.3(i), we get that
s12 = a12.
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Therefore, s11t12t22 + t22t∗12s11 = a11t12t22 + t22t∗12a11 for all t12 ∈ e1Ae2 and t22 ∈ A22. It fol-
lows from Lemma 2.3(i) and (ii) that s11 = a11.
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8
((t12t22a22 + t12a22t22)t ′22)
for all t12 ∈ e1Ae2 and t22, t ′22 ∈ A22. It follows from Lemma 2.3(i), (v) and (iv) that s22 =
a22. 
Lemma 2.5. Let a12 + a∗12, b12 + b∗12 ∈ S12. Then φ((a12 + a∗12) + (b12 + b∗12)) = φ(a12 +
a∗12) + φ(b12 + b∗12).
Proof. Since a12 and b12 are of ﬁnite rank, there is a ﬁnite rank projection p  e2 such that
a12p = a12 and b12p = b12. Indeed, we can choose the projection from H onto the linear space
spanned by the range of a∗12 and the range of b∗12. Compute
(2e1 + 2(a12 + a∗12)) ◦ (b12 + b∗12 + p)
= (a12b∗12 + b12a∗12) + (a∗12b12 + b∗12a12) + ((a12 + b12) + (a12 + b12)∗).
Then using Lemma 2.4, we have that
φ(a12b
∗
12 + b12a∗12) + φ(a∗12b12 + b∗12a12) + φ((a12 + b12) + (a12 + b12)∗)
= φ((2e1 + 2(a12 + a∗12)) ◦ (b12 + b∗12 + p))
= (φ(2e1) + φ(2(a12 + a∗12))) ◦ (φ(b12 + b∗12) + φ(p))
= φ(2e1) ◦ φ(b12 + b∗12) + φ(2e1) ◦ φ(p) + φ(2(a12 + a∗12)) ◦ φ(b12 + b∗12)
+ φ(2(a12 + a∗12)) ◦ φ(p)
= φ(2e1 ◦ (b12 + b∗12)) + φ(2e1 ◦ p) + φ(2(a12 + a∗12) ◦ (b12 + b∗12))
+ φ(2(a12 + a∗12) ◦ p)
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= φ(b12 + b∗12) + φ((a12b∗12 + b12a∗12) + (a∗12b12 + b∗12a12)) + φ(a12 + a∗12)
= φ(b12 + b∗12) + φ(a12b∗12 + b12a∗12) + φ(a∗12b12 + b∗12a12) + φ(a12 + a∗12).
Therefore, φ((a12 + a∗12) + (b12 + b∗12)) = φ(a12 + a∗12) + φ(b12 + b∗12). 
Lemma 2.6. Let a11, b11 ∈ S11. Then φ(a11 + b11) = φ(a11) + φ(b11).
Proof. Choose s = s11 + s12 + s∗12 + s22 ∈ A such that
φ(s) = φ(a11) + φ(b11). (2.8)





(s12t22 + t22s∗12 + s22t22 + t22s22)
)
= φ(s ◦ t22) = φ(a11 ◦ t22) + φ(b11 ◦ t22)
= 2φ(0) = 0.
Therefore, s12t22 + t22s∗12 + s22t22 + t22s22 = 0 for every t22 ∈ S22. Hence s12t22 + t22s∗12 = 0
and s22t22 + t22s22 = 0 for every t22 ∈ S22. By Lemma 2.3(i) and (iv), we have that s12 = 0 and
s22 = 0. So s = s11.
Now there remains to prove that s11 = a11 + b11. For t12 + t∗12 ∈ S12, applying a standard
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Therefore, s11t12 = (a11 + b11)t12 for every t12 ∈ e1F(H)p. It follows from Lemma 2.3(ii) that
s11 = a11 + b11. Consequently, s = a11 + b11. 
Lemma 2.7. Let a22, b22 ∈ S22. Then φ(a22 + b22) = φ(a22) + φ(b22).
Proof. Choose s = s11 + s12 + s∗12 + s22 ∈ A such that
φ(s) = φ(a22) + φ(b22). (2.9)





(s12 + s∗12) + s11
)
= φ(s ◦ e1) = φ(a22 ◦ e1) + φ(b22 ◦ e1) = 2φ(0) = 0.
Therefore, 12 (s12 + s∗12) + s11 = 0. Hence s = s22.
Now there remains to prove that s22 = a22 + b22. For t12 + t∗12 ∈ S12, applying a standard
argument to (2.9) again, we get









= φ(s22 ◦ (t12 + t∗12))





































Therefore, t12s22 = t12(a22 + b22) for every t12 ∈ e1F(H)e2. It follows from Lemma 2.3(v) that
s22 = a22 + b22. Consequently, s = a22 + b22. 
Proof of Theorem 2.1. Let a = a11 + a12 + a∗12 + a22, b = b11 + b12 + b∗12 + b22 ∈ S. Then
Lemmas 2.4–2.7 are all used in seeing the equalities
φ(a + b) = φ((a11 + b11) + (a12 + b12) + (a12 + b12)∗ + (a22 + b22))
= φ(a11 + b11) + φ((a12 + b12) + (a21 + b21)∗) + φ(a22 + b22)
= φ(a11) + φ(b11) + φ(a12 + a∗12) + φ(b12 + b∗12) + φ(a22) + φ(b22)
= φ(a11 + a12 + a∗12 + a22) + φ(b11 + b12 + b∗12 + b22)
= φ(a) + φ(b)
hold true. That is, φ is additive on S.
Now let a, b ∈ A and choose s ∈ A such that φ(s) = φ(a) + φ(b). For all t ∈ S, since all
t ◦ s, t ◦ a, t ◦ b are in S, we have that
φ(t ◦ s) = φ(t ◦ a) + φ(t ◦ b) = φ(t ◦ (a + b))
from which we have that st + ts = (a + b)t + t (a + b) for all t ∈ S, and hence s = a + b by
Lemma 2.3(vi). This proves that φ is additive on A. This completes the proof. 
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